We study instanton effects in QCD at very high baryon density. In this regime instantons are suppressed by a large power of (Λ QCD /µ), where Λ QCD is the QCD scale parameter and µ is the baryon chemical potential. Instantons are nevertheless important because they contribute to several physical observables that vanish to all orders in perturbative QCD. We study, in particular, the chiral condensate and its contribution m 2 GB ∼ m ψ ψ to the masses of Goldstone bosons in the CFL phase of QCD with N f = 3 flavors. We find that at densities ρ ∼ (5 − 10)ρ 0 , where ρ 0 is the density of nuclear matter, the result is dominated by large instantons and subject to considerable uncertainties. We suggest that these uncertainties can be addressed using lattice calculations of the instanton density and the pseudoscalar diquark mass in QCD with two colors. We study the topological susceptibility and WittenVeneziano type mass relations in both N c = 2 and N c = 3 QCD.
I. INTRODUCTION
Strange quark matter at very high baryon density but low temperature is believed to be in the color-flavor-locked (CFL) phase [1] [2] [3] . The CFL phase is characterized by diquark condensates which break both the global SU(3) L × SU(3) R flavor symmetry and the local SU(3) color symmetry but preserve a global SU(3) V . In addition to that, diquark condensation spontaneously breaks the exact U(1) V and approximate U(1) A symmetry of QCD. The low energy behavior of the CFL phase is governed by the corresponding Goldstone bosons, an octet of pseudoscalar mesons associated with chiral symmetry breaking and two singlets associated with the breaking of U(1) V,A .
The CFL phase has many similarities with N f = 3 QCD at low density [1, 4] , but the mechanism of chiral symmetry breaking is quite different. In particular, if the baryon density is very large, the dominant order parameter for chiral symmetry breaking is not the usual quark-anti-quark condensate ψ ψ , but a four-fermion operator (ψψ) 2 ∼ ψψ 2 . As a consequence, the masses squared of the pseudoscalar Goldstone bosons are quadratic, not linear, in the quark masses. The coefficient of proportionality can be computed in perturbative QCD [5] [6] [7] [8] [9] [10] [11] [12] .
The CFL diquark condensate leaves a discrete axial (Z 2 ) A symmetry unbroken. Since the quark-anti-quark condensate is odd under this symmetry, ψ ψ remains zero in weak coupling perturbation theory. Non-perturbative effects, instantons, break the (Z 2 ) A symmetry and lead to a non-zero expectation value ψ ψ . If the density is large instantons are strongly suppressed and ψ ψ is small. As the density decreases instantons become more important and the chiral condensate grows. Our main objective in the present work is to compute the linear term in the mass relation for the Goldstone bosons. The relative size of the linear and quadratic terms in the mass relation provides an estimate of the baryon density at which the crossover from the asymptotic regime, in which chiral symmetry breaking is dominated by the diquark condensate, to the low density regime, in which chiral symmetry breaking is governed by the quark-anti-quark condensate, occurs.
The size of the linear term in the Goldstone boson mass relation also has important consequences for the phase structure of CFL matter in the presence of a non-zero strange quark mass and lepton chemical potentials [13] [14] [15] [16] [17] [18] [19] . Bedaque and Schäfer argued that for physical values of the quark masses and the baryon chemical potential CFL quark matter is likely to be kaon condensed [17] . This conclusion was based on an analysis of the effective potential for the chiral order parameter. The low energy constants that appear in the effective potential were obtained in perturbation theory, but the conclusions are unchanged if the coefficients are estimated using dimensional analysis. This suggests that the results of the perturbative calculation are qualitatively correct even in the regime of strong coupling.
However, the assumption that instanton effects are small for the densities of interest is crucial.
The paper is organized as follows. In section II we compute the instanton contribution to Goldstone boson masses in the CFL phase. In section III we study corrections to this result due to the finite size of instantons. In section IV we compute the pseudoscalar diquark mass in QCD with two colors. This observable can be studied with present lattice techniques. We also comment on Witten-Veneziano relations in QCD at high baryon density. Our results extend previous work in [20, 2, 8, 21] .
II. INSTANTON CONTRIBUTION TO CFL CHIRAL THEORY
In this section we consider the CFL phase of high density quark matter. For excitation energies smaller than the gap the only relevant degrees of freedom are the Goldstone modes associated with the breaking of chiral symmetry and baryon number. The interaction of the Goldstone modes is described by the effective Lagrangian [22] 
however, large instantons are suppressed and the typical instanton size is ρ ∼ µ
To linear order in the quark mass one of the three zero modes is lifted. We obtain
We can now compute the expectation value of equ. (8) in the CFL ground state [2, 20, 21] .
Using the perturbative result for the diquark condensate in the CFL phase,
we find the instanton contribution to the vacuum energy density
We note that for M = diag(m u , m d , m s ) the instanton contribution to the vacuum energy is indeed negative. Since the effective interaction involves both left and right-handed fermions the relative phase between the left and right-handed condensate in equ. (9) is important. Instantons favor the state with ψ L ψ L = − ψ R ψ R which is the parity even ground state. Equation (10) for the vacuum energy can be matched against the effective lagrangian equ. (1) . We find
where we have performed the integral over the instanton size ρ using the one-loop beta function. We note that A is related to the quark-anti-quark condensate, ψ ψ = −2A.
Equation (11) agrees, up to a numerical factor, with the estimate presented in [2, 8] . We can also determine the masses of Goldstone bosons. We take into account the instanton contribution equ. (11) , the O(M 2 ) term given in equ. (3) and the O(M 4 ) term given in equ. (2) . To this order, the masses of the charged Goldstone bosons are given by
The one-instanton contribution to the mass of the η ′ is
We note that at the one-instanton level, the mass of the η ′ vanishes in the chiral limit. The η ′ -mass in the chiral limit arises from the two-instanton diagrams shown in Figs. 1c)-1e).
These diagrams are hard to evaluate and we will not pursue this problem here. However, even without a calculation we can determine the dependence of the instanton generated potential on the QCD theta angle θ and the U(1) A phase φ of the chiral field. In the flavor
where A is the coefficient of the one-instanton contribution given in equ. (11) ,
is the coefficient of the O(M 2 ) term given in equ. (3), and C is the coefficient of the twoinstanton term. The potential equ. (14) determines the topological susceptibility in the CFL phase. In the limit of very small quark masses we find
This result agrees with prediction of anomalous Ward identities at zero density. If we take the chemical potential to infinity while keeping the quark mass fixed then m 2 B ≫ mA ≫ C and the topological susceptibility is given by χ top = 6mA = −3m ψ ψ .
In the following, we will study the mass of the K 0 in more detail. The mass of the K 
where b ′ 0 is a constant which is determined by non-Fermi liquid effects [30, 31] that are not included in our calculation. To leading order in perturbation theory the pion decay constant is given by [5, 10, 32, 33] 
Qualitatively, the instanton contribution to the kaon mass scales as
This shows that the result is strongly suppressed as µ → ∞. We also note, however, that the result is quite sensitive to the value of the scale parameter Λ. In practice, the power dependence on the scale parameter is canceled to some degree by the logarithmic dependence. This can be seen from the results shown in in Fig. 2 . At µ = 500 MeV, the instanton contribution to m K 0 calculated from equ. (11) varies between 85 MeV and 120
MeV if the scale parameter is varied between 180 MeV and 280 MeV.
The dependence of m K 0 on the scale parameter provides a naive estimate of the importance of higher order corrections. In the present case this is probably an underestimate. This can be seen by studying the role of higher order corrections in the instanton size distribution.
At two-loop order we have
The instanton contribution to the kaon mass calculated with the two-loop instanton distribution is also shown in Fig. 2 . We observe that the results are significantly smaller as compared to the leading order estimate. We find m K 0 (inst) = (17 − 40) MeV compared to the leading order result m K 0 (inst) = (85 − 120) MeV. The large difference between the one and two-loop results is related to the fact that at moderate density perturbation theory predicts that the average instanton size is not small. Using equns. (5,10) we get
For µ = 500 MeV we findρ = 0.55 fm, which is bigger than the standard estimate for the typical instanton size at zero densityρ 0 = (0.3 − 0.4) fm. The situation is somewhat improved for the two-loop size distribution which givesρ = 0.45 fm. The main difference between the one and two-loop size distributions is that at two-loop order the pre-exponent is evaluated at a scale given by the inverse instanton size ρ −1 rather than at the external scale µ. This difference is formally of higher order, but at moderate density it provides a significant suppression of large instantons.
We can also study this problem in a different way. It is clear that at small density there has to be some non-perturbative effect that eliminates the contribution of large-size instantons. We can simulate this effect in terms of a non-perturbative screening factor exp(−ρ 2 m 2 scr ) in the instanton size distribution. If the screening mass is adjusted in such a way that the average instanton size at µ = 500 MeV isρ = 0.35 fm then we find m K 0 (inst) = (7 − 12) MeV.
The sensitivity of the instanton contribution to the kaon mass to large-size instantons translates into a large uncertainty regarding the behavior of kaons at finite density. If large instantons with ρ ≃ 0.5 fm play a role then the kaon mass is dominated by the instanton contribution and kaon condensation is unlikely. If the typical instanton size satisfies ρ < 0.35 fm then the instanton contribution to the kaon mass is at most comparable to the perturbative contribution and kaon condensation is likely.
III. FINITE INSTANTON SIZE EFFECTS
In the previous section we computed the instanton contribution to the vacuum energy using the effective instanton induced interaction equ. (4) . This effective interaction is derived under the assumption that the relevant momenta are smaller than the inverse instanton size, p, µ ≪ ρ −1 . In our case the relevant momenta are on the order of the Fermi momentum | p| ∼ p F ∼ µ and the typical instanton size is given by ρ ∼ µ −1 , so pρ ∼ 1. This implies that finite size effects are potentially important.
Instanton finite size effects can be determined from the fermion zero mode solution at finite baryon density. This solution was found in [34] and studied in [35, 20, 36] . Using the exact zero mode solution amounts to the replacement
in the effective interaction equ. (4) . Here, the instanton form factors F , F † are given by [20, 36 ]
with σ We first study how the instanton form factor modifies the loop integral which contains the mass insertion, see equ. (8) . In this case we need the quark-anti-quark form factor
We find
We can now perform the loop integral with the mass insertion. We find
where we have used the normalization condition equ. (A6) for the Fourier transform of the zero mode wave function. We observe that the instanton form factor does not modify equ. (8) .
The next step is the integration over the quark-quark propagators, equ. (10) . The diquark loop involves the form factors
These two structures arise from the contraction of the instanton vertex with the diquark propagator
The two form factors F 1,2 (p) are given by
The functions F 1,2 (p) are shown in Figs. 4,5. We observe that the form factors are centered around the Fermi surface, p 4 = 0, | p| = µ. This is an important observation. Instantons produce (ψ R ψ L )-particle-hole pairs near the Fermi surface, and the chirality violating pair creation amplitude is therefore not suppressed by Pauli-blocking [20] . In Fig. 4 we study the dependence of F 1,2 (p) on ρ at fixed baryon chemical potential µ. We find that on the Fermi surface F 1 → 1, F 2 → 0 as ρ → 0. In practice we are interested in the limit µ → ∞ with ρ ∼ µ −1 . This limit is studied in Fig. 5 . We observe that near the Fermi surface F 1 > 1 and F 2 > 0. This implies that even as µ → ∞ there is a correction to the result equ. (11) derived in the previous section. This correction is on the order of 30%.
We have also studied the effect of the instanton form factor at moderate density. The integral over the diquark propagator is given by
For F 1 (p) = 1 and F 2 (p) = 0 we recover the perturbative result equ. (9) . Results for the kaon mass with the effects of the instanton form factor included are shown in Fig. 6 . At a baryon chemical potential µ = 500 MeV the instanton form factor leads to a modest reduction of the instanton contribution to the kaon mass on the order of 40%. This reduction is due to the fact that the instanton form factor suppresses the contribution from large instantons.
This effect, however, does not lead to a significant reduction of the average instanton size.
In particular, the discrepancy between the one and two-loop results remains large.
IV. QCD WITH TWO COLORS
Given the large uncertainty in the instanton contribution to the Goldstone boson masses at moderate baryon density it would clearly be useful if the result could be checked on the lattice. Because of the sign problem direct studies of N c = 3 QCD are still not feasible. On the other hand, QCD with N c = 2 colors and N f = 2 flavors does not suffer from a sign problem at non-zero baryon density and has been studied successfully on the lattice [38] [39] [40] .
In QCD with two colors we also expect the formation of a diquark condensate at large baryon density [37] . For N f = 2 flavors the diquark condensate breaks the U(1) B of baryon number and the anomalous U(1) A symmetry, but not the SU(2) L ×SU(2) R chiral symmetry.
The U(1) B Goldstone boson is exactly massless, but the U(1) A Goldstone boson acquires a mass from instantons. The corresponding contribution to the vacuum energy is shown in Fig. 1f . Except for the mass insertion, the diagram is identical to the O(m) contribution to the vacuum energy in the CFL phase of N c = N f = 3 QCD.
The effective lagrangian for the pseudoscalar Goldstone boson is
We can think of φ as the relative phase between the left and right handed diquark condensate.
Since baryon number is broken, the field φ has the quantum numbers of both pseudoscalar 
The potential V (φ) is determined by instantons. The calculation of the instanton induced potential is completely analogous to the case N c = 3, N f = 2 [21] , so we can be brief here.
We find V (φ) = A 2 cos(φ − θ) where θ is the QCD theta angle and
In N c = 2 QCD the gap ∆ is given by
Using these results we can determine the mass of the pseudoscalar Goldstone boson. We
This result looks like the Witten-Veneziano relation [41, 42] 
where A 2 plays the role of the topological susceptibility 1 . We note, however, that the topological susceptibility vanishes in the chiral limit, χ top = O(m 2 ). Indeed, A 2 is not the topological susceptibility but the density of instantons, A 2 = (N/V ). This is consistent with the idea that in a dilute system of instantons local fluctuations of the topological charge are
Poissonian. This means that χ top (V ) = Q 2 /V = (N/V ) for any 4-volume V which is large compared to the average volume per instanton and small compared to the screening volume [43, 25] , 1 The extra factor 2N f is related to our normalization of f . If we define f η ′ in such a way that the canonical axial current A 0 =ψγ 0 γ 5 τ 0 2 ψ is represented in the effective theory by
where
η ′ is the screening length. Because of the large mass of the η ′ this window does not exist in QCD at zero density. In QCD at asymptotically high baryon density the decay constant scales as the baryon chemical potential, f ∼ µ, the η ′ mass is much smaller than (N/V ) 1/4 , and the window described by equ. (39) opens up [21] .
Mass relations of the Witten-Veneziano type can also be derived in QCD with N c = 3
colors. The case of N f = 2 flavors is exactly analogous to the N c = N f = 2 case except that the numerical value of the finite volume susceptibility χ top (V ) is different [21] . In the N f = 3 CFL phase we also find that the η ′ -mass in the chiral limit satisfies a finite-volume Witten-
In this case, however, we have χ top (V ) = 2(N/V ) because instantons occur in pairs.
We can also study how the relation between the η ′ mass and the topological susceptibility also point to a very light pseudoscalar diquark [39, 40] . We should note, however, that these simulations were performed with more than two continuum quark flavors.
V. SUMMARY
We have computed the instanton contribution to the masses of Goldstone bosons in the CFL phase of QCD with three quark flavors. Our main result is given in equns. (11) We suggest that these uncertainties can be addressed using lattice calculations of the instanton density and the pseudoscalar diquark mass in N c = 2 QCD. The result of the leading order calculation, equ. (38) suggests that the pseudoscalar diquark mass is much bigger than 2∆. This prediction is only weakly dependent on the value of the scale parameter and the magnitude of the gap ∆. We also emphasize that the pseudoscalar diquark mass is related to the topological susceptibility in a finite volume. 
